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There is mounting evidence that the IceCube findings cannot be described simply invoking a
single power-law spectrum for cosmic neutrinos. We discuss which are the minimal modifications
of the spectrum that are required by the existing observations and we obtain a universal cosmic
neutrino spectrum, i.e. valid for all neutrino flavors. Our approach to such task can be outlined in
three points: 1) we rely on the throughgoing muon analysis above 200 TeV and on the high-energy
starting events (HESE) analysis below this energy, requiring the continuity of the spectrum; 2) we
assume that cosmic neutrinos are subject to three-flavor neutrino oscillations in vacuum; 3) we make
no assumption on the astrophysical mechanism of production, except for no ντ (ντ ) component at
the source. We test our model using the information provided by HESE shower-like events and by
the lack of double pulses and resonant events. We find that a two power-law spectrum is compatible
with all observations. The model agrees with the standard picture of pion decay as a source of
neutrinos, and indicates a slight preference for a pγ mechanism of production. We discuss the
tension between the HESE and the “throughgoing muons” datasets around few tens TeV, focussing
on the angular distributions of the spectra. The expected number of smoking-gun signatures of
ντ -induced events (referred to as double pulses) is quantified: in the baseline model we predict 0.65
double pulse events in 5.7 years. Uncertainties in the predictions are quantified.
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INTRODUCTION
IceCube observed a new component of the neutrino
spectrum, that exceeds the atmospheric neutrino flux
above few hundreds TeV. This new component extends,
at least, up to few PeV and it has an intensity close to
the Waxman-Bahcall upper bound [1].
This is one of the most exciting recent results in neu-
trino physics, even though we do not know which are the
sources of these neutrinos. The energy spectrum displays
non trivial and even unexpected features, such that the
aim of the present work is to investigate what is the con-
sequence of a global interpretation of the IceCube find-
ings.
We base our analysis on a minimal set of hypotheses,
namely:
1. the spectrum is continuous and regular, which is
not only a simple mathematical requirement but
also a reasonable assumption, as the existence of
major discontinuities would require some specific
motivation, that we do not have currently;
2. the cosmic neutrinos are subject to three-flavor
neutrino oscillations, as recently proved by terres-
trial experiments and observations;
3. the new population of cosmic neutrinos derives
from some unspecified astrophysical mechanisms of
production, where νe (ν¯e) and νµ (ν¯µ) are created
at the source.
Moreover, we consider the most recent datasets obtained
by IceCube, discussing the relevant backgrounds.
These hypotheses restrict significantly the overall
shape of the spectrum. The hard power-law spectrum,
that describes the induced muons up to a few PeV, can
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FIG. 1. Distribution of P0, P1, P2 for normal hierarchy (blue) and for inverted hierarchy (red).
be extended to low energy either by assuming a piecewise
functional form or by adding a softer power-law compo-
nent, but there is no tangible difference, as the resulting
flux is quite constrained. This has direct implications
for the physics of muon neutrinos events – HESE tracks
or throughgoing events. Neutrino oscillations allow us
to derive the electron and tau neutrino spectra. Possi-
ble deviation from the standard pion decay scenario are
analyzed. We show that there is a hint of a slight ex-
cess of electron neutrinos and antineutrinos, but this is
not significant. Several tests of the ensuing physical pic-
ture are discussed, including tau neutrino events (that are
detectable), Glashow resonance events, examining their
relation to the specific dataset or range of the neutrino
spectrum. We examine the dependence of the predictions
upon the specific dataset and upon the energy range of
the universal spectrum.
I. NEUTRINO OSCILLATIONS
In this section we update the description of cosmic neu-
trino oscillations proposed in [2]. This consists in the use
of three “natural” parameters to describe the probabili-
ties of oscillations of cosmic neutrinos. After a brief re-
view of [2], we discuss our updating procedure, which is
based on the latest results on the oscillation parameters
[3].
A. The parameters P0, P1, P2
The average survival/oscillation probabilities in vac-
uum are given by:
P``′ =
n∑
i=1
|U2`i||U2`′i| `, `′ = e, µ, τ (1)
where `(`′) denotes the neutrino flavor and U is the stan-
dard mixing matrix.
The approach of Palladino and Vissani in [2] to com-
pute the average survival/oscillation probabilities, of cos-
mic neutrinos in vacuum, is based on two simple consid-
erations:
• the matrix P , containing the probabilites of oscil-
lation P``′ is symmetric under the exchange of the
flavor indices `↔ `′
• the elements of the mixing matrix must obey the
condition
∑
` P``′ = 1
For these reasons, the number of independent parameter
is n(n − 1)/2, where n is the number of neutrinos. For
n = 3 we have just 3 independent parameters. Calling
them P0, P1 and P2, we can write the probabilities as the
following matrix:
P =
I
3
+
2P0 −P0 + P1 −P0 − P1P0/2− P1 + P2 P0/2− P2
P0/2 + P1 + P2
 (2)
The expressions of these parameters in terms of the con-
ventional oscillation parameters (3 mixing angles and one
CP violating phase) are:
P0 =
1
2
[
(1− )2
(
1− sin
2(2θ12)
2
)
+ 2 − 1
3
]
(3)
P1 =
1− 
2
(
γ cos 2θ12 + β
1− 3
2
)
(4)
P2 =
1
2
[
γ2 +
3
4
β2(1− )2
]
(5)
where
 = sin2 θ13 α = sin θ13 cos δ sin 2θ12 sin 2θ23
β = cos 2θ23 γ = α− β
2
cos 2θ12(1 + )
B. The oscillation probabilities of cosmic neutrinos
The values of the conventional oscillation parameters
are given in [3]; in the following table we report their best
fit values and the 68% confidence level interval, denoting
with NH the normal hierarchy/ordering and with IH the
inverted hierarchy/ordering.
The distributions of the oscillation parameters are
sampled according to likelihood functions reported in fig-
ure 1 of [3]. This approach is necessary because the pa-
rameters sin2 θ23 and δ/pi are not Gaussian distributed.
3ordering sin2θ12 sin
2
θ23
sin2θ13 δ/pi
NH
0.297+0.017−0.016
0.425+0.021−0.015 0.022
+0.001
−0.001 1.38
+0.23
−0.20
IH 0.589+0.026−0.022 0.022
+0.001
−0.001 1.31
+0.31
−0.19
TABLE I. The best fit values and 68% intervals that we ob-
tained for the natural parameters.
ordering P0 P1 P2
NH
0.113± 0.006 0.035
+0.010
−0.012 0.008
+0.005
−0.004
IH 0.029+0.010−0.057 0.008
+0.005
−0.006
On the contrary, for sin2 θ12 and sin
2 θ13 it is sufficient to
use Gaussian distributions, with mean the central value
and with standard deviation the average of the errors
quoted in the table above. Performing Monte Carlo ex-
tractions according to such procedure, we obtain the dis-
tributions for P0, P1 and P2 shown in figure 1; their best
fit values and 68% CL intervals are reported in table I.
From the table it is clear that:
P0 > P1 > P2 (6)
P0 is the largest parameter, and also the one with the
smallest uncertainty. From the plot we see that the pa-
rameter P2 satisfies the condition P2 > 0 consistently
with equation (5). The asymmetric errors quoted in the
table are such that the integral of the normalized distri-
bution LP of a generic parameter P obeys the conditions:

∫ PBF+∆P+
PBF−∆P−
LP (t) dt = 0.68
LP (PBF −∆P−) = LP (PBF + ∆P+)
(7)
where PBF is the best fit value and ∆P+, ∆P− are the
asymmetric errors.
II. THE ICECUBE DATASET
In this section we present two recent datasets provided
by the IceCube collaboration after 6 years of data tak-
ing: the throughgoing muon dataset and the high energy
starting events (HESE) dataset.
Notation: from here on we denote by φ` the flux of
ν` and of ν¯`. Whenever we are only interested to the flux
of neutrinos (or antineutrinos), we denote it by φν` (or
φν¯`). When the subscript is not present (φ), the all-flavor
flux is considered.
A. Throughgoing muons
The IceCube collaboration acquired data from 2009 to
2015, collecting a sample of charged current events due to
upgoing muon neutrinos; due to the position of IceCube,
the field of view, for this class of events, is restricted to
the Northern hemisphere [4]. The highest energy sam-
ple (with reconstructed energy above ∼ 200 TeV) cor-
responds to 29 events of this type; a purely atmospheric
origin of them is excluded at more than 5σ of significance.
The most energetic event corresponds to a reconstructed
muon energy equal to 4.5 PeV.
The corresponding cosmic muon flavor (neutrino and
antineutrino) flux was obtained with a power-law fit to
the data:
dφdataµ
dE
= Fµ × 10
−18
GeV cm2 s sr
(
E
100 TeV
)−α
(8)
The parameters are Fµ = 0.90
+0.30
−0.27 and α = 2.13± 0.13.
This analysis is sensitive only to muon neutrinos and an-
tineutrinos. No correlation with known γ-ray sources
was found by analyzing the arrival directions of these
29 events [4, 13].
B. High Energy Starting Events
The most recent data concern 2078 days (5.7 years) of
detection. This dataset includes 82 HESE [5]: they have
been classified in 22 tracks and 58 showers (2 of them
are not classified being coincident events). These events
are characterized by a deposited energy larger than 30
TeV, and the most energetic HESE deposited an energy
of 2 PeV into the detector.
The flux attributed to astrophysical neutrinos is de-
scribed, in first approximation, by an isotropic distribu-
tion and a power-law spectrum. The all-flavor flux is:
dφdata
dE
= F × 10
−18
GeV cm2 s sr
(
E
100 TeV
)−α
(9)
with F = 2.5± 0.8 and α = 2.92+0.33−0.29 [5]. We denote by
F the normalization of the all-flavor flux.
Although the bulk of HESE coming from the Southern
sky suggests a power-law spectrum with spectral index
α ≈ 2.9, the subset of highest energy (above 200 TeV)
HESE is in agreement with a much harder spectrum and,
more precisely, follows the same distribution suggested by
the throughgoing muons: see figure 6 of [6] and figure 5
of [4], and discussions therein. In other words, the flux
of the highest energy HESE observed from the Southern
sky is compatible with the same hard spectrum, α ≈ 2,
suggested by throughgoing muons.
III. ATMOSPHERIC BACKGROUND OF HESE
Before continuing the discussion, it is important to re-
call what are the backgrounds for high energy neutrinos.
A precise knowledge of the different background sources
is relevant for the correct identification of the astrophys-
ical signal, that we perform in section IV.
4When cosmic rays collide with the terrestrial atmo-
sphere, lots of mesons are produced: from pion decay
(and from kaon decay, in smaller amounts) muons and
neutrinos are produced, constituting the main source of
background for high energy neutrino detection. We call
these two sources of background as atmospheric muons
and conventional neutrino background.
Another contribution to the background is given by
the decay of heavy, charmed mesons: the neutrinos which
come from these decays are called “prompt neutrinos”.
A. Atmospheric muons
Atmospheric muons, mainly generated by pion decay,
have an energy spectrum ∝ E−3.7. This is due to the
fact that, with increasing energy, the probability that pi-
ons interact before decaying grows linearly with E. Since
muons come from pion decay, their spectrum is steeper
than the E−2.7 spectrum of primary cosmic rays. This is
an unavoidable source of background for the HESE anal-
ysis; on the other hand, it does not affect the througo-
hgoing muon analysis, since atmospheric muons are ab-
sorbed crossing Earth. It has been estimated by the Ice-
Cube collaboration that the the number of atmospheric
muons, contributing to HESE background after 5.7 years
of exposure, is:
bµ = 25.2± 7.3 (10)
According to table 4 of [7], 90% of them (23.0 ± 7.3)
are identified as track-like events and 10% (2.2± 0.7) as
shower-like events. This is due to the fact that a certain
misidentification of tracks is possible from an experimen-
tal point of view.
B. Prompt neutrinos
Prompt neutrinos are produced in the decay of
heavy mesons, which contain the charm quark (charmed
mesons). These particles are highly unstable and decay
before interacting, following the same E−2.7 spectrum of
primary cosmic rays.
To date, the contribution of prompt neutrinos to the
IceCube dataset has not been yet identified, although
it is expected to exist: see e.g. [8–10]. An upper limit
has been set by the IceCube collaboration [7], while Pal-
ladino et al. [12] have calculated that their contribution
to HESE is smaller than 3.5 events, in 4 years of expo-
sure, at 90% confidence level (CL). Scaling such estimate
with the present exposure, we obtain that the contribu-
tion of prompt neutrinos is expected to be smaller than
5 HESE, at 90% CL.
Since at the time of the writing the best fit value of
prompt neutrino events is 0, the probability density func-
tion (PDF) of prompt neutrinos can be reasonably ap-
proximated by an exponential function:
Lp(bp) = 1
b0p
exp
(
−bp
b0p
)
(11)
with b0p = 2.17.
According to table 4 of [7] about 20% of prompt neu-
trinos produce track-like events, whereas about 80% of
them produce shower-like events.
C. Conventional background
Neutrinos produced in the decay of pions (and kaons,
in smaller amounts) constitute the so called conventional
background. These neutrinos have an E−3.7 energy spec-
trum, for the same reason discussed in the case of atmo-
spheric muons.
The IceCube collaboration [5] has estimated that the
contribution of atmospheric neutrinos (conventional plus
prompt) to the HESE background is equal to:
bpik + bp = 15.6
+11.4
−3.9 (12)
In order to isolate the contribution of conventional neu-
trinos, we have built the likelihood function Lpik+p(b)
that reproduces the best fit value and the 68% CL asym-
metric interval. We obtain the PDF of conventional neu-
trinos marginalizing over bp:
Lpik(bpik) =
∫ ∞
0
Lpik+p(bpik + bp)× Lp(bp) dbp (13)
Following this procedure, the expected background from
conventional neutrinos is equal to:
bpik = 14.7
+10.8
−5.1 (14)
where we quote the best fit value and the 68% CL
interval obtained as described in sction I B, i.e. using
the condition that the integral of the normalized like-
lihood function is equal to 0.68 between bm and bM and
L(bm) = L(bM ). This is a general procedure that we use
for every asymmetric function from here on. We have
verified that the same result is obtained performing a
Monte Carlo extraction for the total background and for
prompt neutrinos.
According to table 4 of [7], 70% of them (10.3+9.1−4.7)
contribute to track-like events, whereas 30% of them
(4.4+4.2−2.0) contribute to shower-like events. The uncer-
tainties on the expected number of showers and tracks
reproduce the total uncertainty when summed in quadra-
ture.
D. Summary of backgrounds
We summarize the backgrounds relevant to the HESE
analysis in table II.
5TABLE II. Summary of the backgrounds expected in HESE
analysis after 5.7 years of exposure.
bµ bpik bp Sum
Tot. events 25.2± 7.3 14.7+10.8−5.1 < 5.0 at 90% CL 43.1+12.9−9.2
Tracks 23.0± 7.3 10.3+9.9−4.7 < 1.0 34.3+12.3−8.7
Showers 2.2± 0.7 4.4+4.2−2.0 < 4.0 8.8+4.0−3.0
The expected number of background tracks in the
HESE dataset is equal to 34.3+12.3−8.7 , as reported in ta-
ble II. This number is larger than the observed 22 tracks.
Moreover, we expect that also ∼ 20% of cosmic neutrinos
produce tracks in the HESE dataset, according to table
4 of [7]. On the other hand, as discussed in [11], the
misidentification of some tracks, that could be identified
as showers, could play an important role for this kind
of analysis. In conclusion, since the track-like subset is
supposedly dominated by the atmospheric background
rather than by the signal, it is quite hard to extract use-
ful information on φµ from HESE, and this is the reason
why we do note use this subset of data in our analysis.
On the contrary, we include the tracks contained into
the throughgoing muons dataset, since they are affected
by the atmospheric background at the level of 30%, as
estimated in [13]. Moreover, we repeat that this kind of
analysis is free from atmospheric muons, since they are
absorbed into Earth.
As a final remark, let us consider that the atmo-
spheric background affects shower-like events, in the
HESE dataset, at the level of 15%. Indeed the expected
number of showers, due to atmospheric background, is
bs = 8.8
+4.0
−3.0 (15)
We denote by Ls(bs) the distribution function of this
background. This number has been obtained using a
Monte Carlo simulation and combining the showers ex-
pected from atmospheric muons, conventional neutrinos
and prompt neutrinos.
It is reasonable, therefore, to consider throughgoing
muons and shower-like HESE in our analysis, due to their
small atmospheric background. On the other hand, it is
cautious to neglect track-like HESE in the rest of the
analysis, due to the huge atmospheric background, that
does not allow to extract useful information on the as-
trophysical signal.
IV. THE NEUTRINO SPECTRUM
In subsection IV A we define the “universal” spectrum,
starting from the muon neutrino spectrum. This kind
of spectrum reconciles all the recent IceCube measure-
ments. In subsection IV B we evaluate the spectrum of
tau neutrinos, showing that neutrino oscillations are suf-
ficient to strongly constrain it. In subsection IV C we
evaluate the spectrum of electron neutrinos and electron
antineutrinos. In this case we analyze νe and ν¯e sepa-
rately, since they produce different signals in the detector
and, as a consequence, they are distinguishable.
A. The shape of muon neutrino spectrum
Combining all the information provided by the Ice-
Cube collaboration with their different analyses, it is ev-
ident that the assumption of a single power-law model
is not the best choice to explain the present data. In
several papers [6, 12, 14–18] this aspect has been empha-
sized, invoking the presence of at least two populations
of high energy neutrinos with different energy spectra.
In this paper we test the compatibility of a two power-
law spectrum with the observations (HESE showers, dou-
ble pulses, resonant events) and with the standard pro-
duction mechanisms of high energy neutrinos, expected
to occur in astrophysical environments.
Above 200 TeV we can rely on the throughgoing muon
analysis (green band in figure 2), while below 200 TeV
we rely on the HESE analysis (blue band in figure 2), for
the reasons discussed in the previous section. In order
to proceed, we define the broken power-law flux in the
following manner:
dφbr
dE
=
N brµ 10
−18
GeV cm2 s sr
{
E−2.13200 for E ≥ 200 TeV
E−2.92200 for E < 200 TeV
(16)
where E200 = E/200 TeV and the normalization at 200
TeV is N brµ = 0.206 (in units of equation (16)); this
value corresponds to the normalization of the through-
going muons flux at 200 TeV, using the best fit values.
The choice of the break at 200 TeV represents:
• the minimal modification that reconciles the
throughgoing muon and the HESE dataset;
• the most conservative choice, since the energy
threshold of the throughgoing muon analysis is
about 200 TeV.
Now, we define our “benchmark” two power-law flux
φµ for the muon neutrino plus antineutrino spectrum as
follows:
dφµ
dE
=
Nµ
2
10−18
GeV cm2 s sr
(
E−α100 + E
−β
100
)
(17)
where E100 = E/100 TeV. Thanks to the prefactorNµ/2,
the normalization Nµ denotes directly the normalization
of the two power-law flux at 100 TeV. The choice of the
normalization at 100 TeV reproduces, reasonably well,
the behavior of the broken power-law flux. The value can
be slightly different but we have verified that choosing
150 TeV or 200 TeV the analyses proposed in the next
sections are not affected appreciably.
In order to determine the parameters Nµ, α, β of equa-
tion (17), we define a “distance” between this benchmark
6FIG. 2. The two power-law benchmark spectrum (2PL) as defined by Eqs. (17), (19), (20), compared with the throughgoing
muons flux (green band) and a flux with the slope suggested by HESE below 200 TeV (blue band)–compare with equation (16).
flux and the broken power-law flux φbr, i.e. the flux sug-
gested by the data. The distance between the two func-
tions is defined as follows:
d(Nµ, α, β) =
∫ 10 PeV
30 TeV
|φµ(E,Nµ, α, β)− φbr(E)|
φbr(E)
d logE
(18)
Such distance is minimized by the following set of values:
Nµ = 1.5 α = 2.08 β = 3.5 (19)
Since the normalization of the throughgoing muon flux is
known with an uncertainty of about 30%, we take it into
account considering that
Nµ = 1.5± 0.5 (20)
The two descriptions of the fluxes are presented in figure
2.
Let us recall that assuming three flavor neutrino os-
cillations and the same mechanism of production for all
cosmic neutrinos, we expect that the shape of neutrino
spectra is the same for all flavors, and only their nor-
malization is expected to be different. For this reason,
we refer to assumption with the terminology: universal
spectrum of neutrinos.
In figure 2 we see that the sum of the two power-law
fluxes (pink band), with spectral indexes α = 2.08 and
β = 3.50, reproduces well the ∼ E−2.92 behavior at low
energy and the ∼ E−2.13 behavior at high energy, within
the uncertainties on the spectral index and on the nor-
malization.
It is important to remark that we assume the shape of
the spectrum suggested by the low energy HESE data,
but we do not yet use the normalization suggested by
the same data. In fact, HESE data refer to an all-flavor
analysis, but the flavor partition of the neutrinos is dic-
tated by the mechanism of production, that to date is un-
known. Therefore, we include the information on HESE
in the analysis by adopting the following procedure:
• we start from the measured flux of throughgoing
muons;
• we extrapolate this flux at low energy with the
shape suggested by the HESE data;
• we adopt the smooth spectrum of equation (17). In
this manner we determine the “universal” cosmic
neutrinos spectrum.
• we use the universal spectrum, neutrino oscillations
and experimental constraints to predict the flux φτ
and φe.
The last step of this procedure concerns the following two
sections. In other words, we are going to test whether for
some production mechanisms the assumption of a univer-
sal spectrum agrees with HESE.
B. The flux of ντ
The most plausible mechanism of high energy neutrino
production is the pion decay scenario, that yields φe '
φτ ' φµ.
Despite the popularity of this hypothesis, in the follow-
ing we choose to adopt a more conservative and unbiased
position, i.e. we assume that the mechanism of produc-
tion is unknown. Therefore, we perform a test on the
flavor composition to verify what is the astrophysical sce-
nario that is in better agreement with the observations.
7To begin with, let us discuss the general constraints
that come from theoretical and experimental considera-
tions.
1. Constraints from neutrino oscillations
The assumption of this subsection is just that:
“We believe in three-flavor neutrino oscillations”
The only expectation we have on the production mech-
anism of neutrinos is that no ντ are produced at the
source. This applies to any reasonable astrophysical sce-
nario. Therefore, the flavor composition at the source,
defined as ξ0` = φ
0
`/φ
0 (where φ0 denotes the all-flavor
neutrino flux at the source), is given by:
(ξ0e : ξ
0
µ : ξ
0
τ ) = (x : 1− x : 0) x ∈ [0, 1] (21)
We do not distinguish between neutrinos and antineutri-
nos for the moment; we just consider the total flux for
each flavor `. Using this notation we have that:
• x = 1 denotes the neutron decay scenario;
• x = 1/3 denotes the pion decay scenario;
• x = 0 denotes the damped muon scenario, in which
muons, produced by pion decay, interact before de-
caying. Therefore only νµ (or ν¯µ or both) are pro-
duced.
Since in section IV A we have defined the two power-
law spectrum of muon neutrinos, it is interesting to com-
pute the ratio between the flux φτ and the flux φµ after
neutrino oscillations. The ratio is given by the following
expression:
Rτµ =
Peτx+ Pµτ (1− x)
Peµx+ Pµµ(1− x) (22)
that using the natural parametrization becomes:
Rτµ =
2 + 3P0(1− 3x)− 6P1x− 6P2(1− x)
2 + 3P0(1− 3x)− 6P1(1− 2x) + 6P2(1− x)
(23)
Since P1, P2 are small, this ratio is equal to:
Rτµ ' 1 +O(P1) +O(P2) (24)
for every mechanism of production.
Randomly sampling x in [0, 1] according to a uniform
distribution, so as to consider also mixed mechanisms of
production, we obtain the distribution ofRτµ represented
in figure 3 by orange bars. The ratio between the flux
of ντ and the flux of νµ is, in good approximation, a
Gaussian function. The best fit value and the 68% CL
interval are:
Rτµ = 1.08± 0.05 (25)
FIG. 3. The distributions of Rτµ (yellow) and of Reµ (red)
obtained from all neutrino production mechanisms (uniformly
weighted) which neglect tau (anti-)neutrinos at the source.
Therefore, the amount of cosmic ντ is the same of νµ, to a
very good approximation. This result takes into account
also the uncertainties on neutrino oscillations.
Combining equation (25) with the normalization of φµ
(see equation (20)), we find:
N thτ = 1.62± 0.51 (26)
This means that the theory it is sufficient to firmly con-
strain the flux of tau neutrinos and antineutrinos.
In the next subsection we analyze whether it is possi-
ble to improve the knowledge of φτ , using informations
provided by the observations.
2. Constraints from observations: double pulses
As we have seen in the previous subsection, tau neu-
trino production at the source is neglected in any plau-
sible neutrino production scenario, but, thanks to neu-
trino oscillations, we expect the ντ (ντ ) flux to be ap-
proximately equal to the flux of νµ(νµ), regardless of the
mechanism of production of high energy neutrinos (see
equation (25)).
Unfortunately, it is quite hard to measure the flux of ντ
directly because, until some hundreds of TeV, tau neu-
trinos do not produce a peculiar signature in neutrino
telescopes. With increasing energy the possibility to tag
a ντ increases, since the first vertex of interaction, in
which the τ is created, and the second vertex of interac-
tion, in which the τ decays, become distinguishable. This
process has been proposed by the IceCube collaboration
in [19] and it is called “double pulse”.
In [20] Palladino et al. derived accurate parametriza-
tions of various effective areas relevant for the analysis.
8The effective area of double pulse is given by:
A2Pτ = A¯2P
(
Eν
1 PeV
)β
exp
(
−Emin
Eν
)
(27)
with 
A¯2P = 2.33 m
2
β = 0.455
Emin = 0.5 PeV
This analytical parametrization reproduces well the ef-
fective area of double pulses provided by the IceCube
collaboration in [19].
Using our benchmark flux reported in equation (17),
the expected number of double pulse events can be esti-
mated as:
R2P = 4piT
∫ ∞
0
dφτ
dE
A2Pτ dE (28)
where T is the exposure time. Considering 5.7 years of
exposure the expected number of events is:
R2P(Nτ ) = 0.44×Nτ (29)
Up to now no double pulse events have been observed
by the IceCube collaboration; it is then possible to as-
sociate a probability to the normalization Nτ , given by
the lack of observations. Using Poissonian statistics, the
probability to observe zero events is given by:
Lobsτ ∝ exp [−R2P(Nτ )] (30)
3. Theory and observations
Combining theoretical expectations, due to neutrino
oscillations, with the most recent measurements of the
flux of νµ and with the absence of double pulse events,
it is possible to put a strong constraint on the expected
flux of ντ with cosmic origin.
The likelihood of φτ , apart from a normalization fac-
tor, is obtained using equations (23) and (30) as follows:
Lτ (Nτ ) ∝ Nτ
∫ ∞
0
Rτµ
(
Nτ
Nµ
)
Lobsτ (Nτ ) Lµ(Nµ)
dNµ
N2µ
(31)
where Lµ(Nµ) is a Gaussian function with mean value
equal to 1.5 and standard deviation equal to 0.5
(see equation (20)). Note the Jacobian Rτµ(y)dy =
Rτµ(Nτ/Nµ)Nτ dNµ/N
2
µ in the previous integral. The
resulting function Lτ (Nτ ) is, in good approximation, a
Gaussian function, with:
Nτ = 1.48± 0.54 (32)
This result is very similar to the one of equation (26).
This means that:
neutrino oscillations alone are sufficient to
constrain the flux of tau neutrinos, given the
flux of muon neutrinos.
It is important to remark that the above results do not
depend upon the mechanism of production, since we take
into account a generic mechanism in the computation of
the function Rτµ.
C. The flux of νe and ν¯e
As already done for tau neutrinos, we can consider
theoretical and experimental constraints for the flux of
νe and ν¯e separately. Let us remark that the flux of ν¯e
is constrained by the non observation of resonant events,
which we discuss in section IV C 2.
1. Constraints from neutrino oscillations
We follow the same procedure adopted in section IV B 1
also for electron neutrinos and antineutrinos. In this case
the ratio between φe and φµ is given by:
Reµ =
Peex+ Peµ(1− x)
Peµx+ Pµµ(1− x) (33)
Using the natural parametrization it becomes equal to:
Reµ =
2− 6P0(1− 3x) + 6P1(1− x)
2 + 3P0(1− 3x)− 6P1(1− 2x) + 6P2(1− x)
(34)
Also in this case we consider a generic mechanism of pro-
duction, performing a uniform extraction of x between 0
and 1. The resulting distribution of Reµ is non Gaussian,
as it can be noticed from figure 3 (red bars). The mode
and the 68% CL interval are given by:
Reµ = 0.81
+0.85
−0.10 (35)
Combining the last result with equation (20) we find
N the = 1.46
+1.18
−0.62 (36)
The uncertainty on N the is quite large; therefore neutrino
oscillations alone are not sufficient to constrain accu-
rately φe. This is due to the fact that, unlike the ratio
Rτµ, the ratio Reµ strongly depends upon the mechanism
of production.
In order to constrain φe we can rely on the existing
data:
1. the showers observed in HESE dataset;
2. the lack of resonant events.
Let us emphasize that only at this point, i.e. when we
consider these two experimental ingredients, we can ob-
tain indications on the mechanism of cosmic neutrino
production.
92. Flux of ν¯e: Glashow resonance
The process:
ν¯e + e
− →W− (37)
is called “Glashow resonance” [21] and happens for elec-
tron antineutrinos with an energy of as 6.32 PeV (res-
onance). Assuming that the flux of neutrinos has no
energy cutoff below 6.32 PeV, the resonant events, pro-
duced in the interaction of ν¯e with the electrons in the
ice, must be observed. In several papers [2, 20, 22–24] the
possibility to discriminate the production mechanisms of
high energy neutrinos using the resonant events has been
investigated, since different production mechanisms pro-
duce a different amount of ν¯e.
The Glashow resonance cross section is given by:
σhadrG (E) =
G2F (~c)2 M2W
3pi
E × BR
EG
[(
E
EG
− 1
)2
+
(
ΓW
mG
)2]
where GF is the Fermi constant, MW ' 80 GeV is
the mass of the W− boson, ΓW = 2.085 GeV is its
FWHM, and EG = M
2
W/2Me ' 6.32 PeV is the en-
ergy at which the cross section is largest. The coefficient
BR ' 20/3 denotes the ratio between the branching ra-
tio of the hadronic channel and the branching ratio of
W− → ν¯µ +µ−. Here we consider the hadronic channels
only, that produce a distinguishable signal in the detector
(for a discussion of the leptonic ones see [20]).
The expected number of events can be computed using
the following general formula:
R` = 4piT
∫ ∞
0
dφ`
dE
A` dE (38)
where A` is the effective area for each flavor, T is the
exposure time (fixed to 5.7 years) and the flux is given by
equation (17). For the specific case of resonant events we
use the flux of ν¯e. A useful approximation of the hadronic
Glashow resonance effective area is obtained using the
Dirac δ function, as follows:
AGν¯e(E) = 1.15× 106 × δ
(
E
1 TeV
− 6320
)
m2 (39)
Using the benchmark flux defined in equation (17), the
expected number of resonant events, after 5.7 years of
exposure, is equal to:
RG(Ne, ) = 2.3 Ne ×  (40)
where the parameter that quantify the asymmetry be-
tween electron neutrinos and antineutrinos is simply:
 =
φν¯e
φν¯e + φνe
, 0 ≤  ≤ 1 (41)
The quantity  is related to the mechanism of production
and provides complementary information with respect to
the parameter x (see equation (21)). Let us summarize:
•  = 1 derives from neutron decay scenario, because
only ν¯e are produced in this mechanism;
•  ' 1/2 comes from the proton-proton interaction,
in which an about equal amount of νe and ν¯e is
produced;
•  ' 1/4 comes from the ideal pγ mechanism (δ
approximation, i.e. only the ∆+ resonance is pro-
duced). In more realistic scenarios, analyzed in
[24, 25],  is larger that 1/4, due to the produc-
tion of pi−;
•  = 0 is obtained in extreme scenarios, in which
there are no antineutrinos at the source at all. This
happens when only pi+ are produced and only the
first decay (pi+ → µ+ + νµ) is allowed. For ex-
ample, it could happen in an ideal pγ mechanism,
in which muons interact before decaying (damped
muons scenario).
Since no resonant events have been detected by Ice-
Cube up to now [5], it is possible to associate a prior
distribution to the normalization of the ν¯e flux, i.e. to
Ne× , related to the non observation of resonant events.
Using the Poissonian statistics the likelihood is given by:
Lν¯e(Ne × ) ∝ exp [−RG(Ne, )] (42)
with the condition  ∈ [0, 1].
Finally, just as for double pulse events, we remark that
the assumption on the low energy part of the spectrum
does not affect the result, since only very high energy
neutrinos contribute to the resonant events; the broken
power law or the double power laws are equivalent for the
purpose of estimating the number of Glashow resonance
events.
3. The flux of νe + ν¯e: HESE and theory
The strongest constraint on the normalization of the
φe flux comes from the number of showers observed with
contained events (HESE). In fact, the φµ flux gives a
negligible contribution to the showers, whereas the flux of
φτ is fixed (within the uncertainty) by the theoretical and
experimental constraints analyzed in section IV B. This
means that the degrees of freedom needed to reproduce
the observed number of showers are Ne and .
1
We use the effective areas of HESE, reported in [26]
and on the IceCube website, to evaluate the expected
1 Let us clarify that we are assuming that all ντ are detected as
showers. This assumption is not completely true but, even if
about 20% of tau neutrinos would produce tracks, it would affect
our result at level of 0.2kτ/49 ' 3.8%, where 49 denotes the
average number of showers with a plausible astrophysical origin,
after subtracting the atmospherical background given in equation
(15).
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number of events for each neutrino flavor. We compute
these expectations using equation (38).
Using the benchmark flux given in equation (17), the
expected numbers of showers for each neutrino flavor are
given by:
Re = Ne[kνe(1− ) + kν¯e]
Rµ = Nµkµ
Rτ = Nτkτ
where the coefficients k` are equal to:
kνe = 14.7; kν¯e = 17.8; kµ = 1.3; kτ = 9.3 (43)
For Re we need to distinguish between the contribution
of νe and ν¯e, since only ν¯e can produce resonant events.
Let us notice that
kν¯e − kνe > 2.3, see equation (40) (44)
because in the effective areas also the leptonic channels
are included, which give showers below 6.32 PeV, which
are not distinguishable from those produced by deep in-
elastic scattering [20]. For Rµ we take into account that
only 20% of events produced by muon neutrino plus an-
tineutrinos are shower-like events, as discussed in [29].
Using the previous coefficients k`, we define the likeli-
hood LHESE as follows, taking into account that the ob-
served number of showers is Rs = 58:
LHESE(Ne, ) ∝ [bs +Nµ(kµ + kτ ) +Re(Ne, )]Rs×
exp[−(bs +Nµ(kµ + kτ ) +Re(Ne, )]
(45)
Adding the prior distribution Reµ (34), Lν¯e (42), Lµ
(20), Ls (15), we compute the complete likelihood func-
tion of Ne and  as follows:
Le(Ne, ) = Ne
∫ ∞
0
dNµ
N2µ
∫ ∞
0
dbs LHESE(Ne, )×
×Reµ
(
Ne
Nµ
)
Lν¯e(Ne, ) Lµ(Nµ) Ls(bs)
(46)
In the previous expression we are using Nµ ' Nτ (see
equation (32)), in order to simplify the calculation.
The results are illustrated in figure 4. The regions are
defined using the Gaussian 2-dimensional approximation:
(1− CL1)× Lmaxe ≤ Le ≤ (1− CL2)× Lmaxe (47)
Marginalizing the 2-dimensional likelihood we obtain,
separately, an estimate for Ne and :
Ne = 1.83± 0.44
 < 0.52 at 90% CL
(48)
We have checked that the choice between the spectrum
given in equation (17) and the spectrum given in equa-
tion (16) affects the previous analysis at level of few %.
FIG. 4. The likelihood of Ne as a function of the normaliza-
tion of φe and of , the fraction of electron antineutrinos.
The same consideration applies considering a different
normalization point (within a factor 2) in the flux de-
fined in equation (17). This demonstrates the robustness
of the analyses proposed in this paper.
In table III we summarize the results obtained in this
section. With these results on normalization factors of
the neutrino fluxes N` (` = e, µ, τ) and on , we have
concluded the definition of our model for universal spec-
trum of the cosmic neutrinos given in equation (17).
TABLE III. Summary of the normalizations of the high
energy neutrino flux at Earth defined in equation (17),
divided per flavor. The parameter  given in equation (41) is
the fraction of electron antineutrinos with respect to the φe
flux.
Ne Nµ Nτ

68% CL - 90% CL
1.98± 0.45 1.50± 0.50 1.48± 0.54 <0.25 – <0.52
Before passing to discuss the predictions, it is useful to
see again figure 4 keeping in mind table III. It can be no-
ticed that Ne ' Nµ ' Nτ (expected from pi production)
is contained into the 1σ region; moreover, a small value
for  is preferable.
V. PREDICTIONS AND CRITICAL ASPECTS
OF THE MODEL
Having introduced and described our model, we can
assess the expectations. We will discuss in the following
three specific instances: 1) we examine in section V A
the flavor composition of the universal spectrum defined
above and compare it with some important cases; 2) we
discuss in section V B the expected number of double
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pulse and Glashow resonance events, examining the un-
certainties and showing their relevance; 3) we consider
in section V C the angular distribution of the events and
emphasize the critical importance of testing it for the low
energy part of the spectrum, possibly, using new detec-
tors in the Northern hemisphere.
A. Flavor composition at Earth
First of all, we discuss what flavor composition of the
universal spectrum we obtain from our model and com-
pare it with the theoretical expectations from some spe-
cific models for cosmic neutrino production.
a. Theory: Using the natural parametrization de-
scribed in the first section it is trivial to compute the fla-
vor composition expected from a theoretical standpoint
for different mechanisms of production. For a generic
mechanism, with initial flavor composition
(ξ0e : ξ
0
µ : ξ
0
τ ) = (x : 1− x : 0) (49)
the fraction ξe of νe + ν¯e after neutrino oscillations is
equal to:
ξe(x) = x
(
1
3
+ 2P0
)
+ (1− x)
(
1
3
− P0 + P1
)
(50)
where x = 1 denotes the neutron decay scenario, x = 1/3
the pion decay scenario and x = 0 the damped muon sce-
nario, as already discussed in section IV B 1. This flavor
ratio is useful because it allows a clear discrimination of
the different theoretical predictions, due to the fact that
Peµ ' Peτ ≈ Pee/2, i.e. νe is the neutrino that mixes the
least with other neutrinos.
b. Observations: Using the fluxes reported in table
III, we compute the flavor composition. The normaliza-
tion of the total flux (a pure number, see equation (17))
is given by:
Ntot = Ne +Nµ +Nτ = 4.96± 0.86 (51)
where the uncertainty is obtained summing in quadrature
the uncertainties on the different normalizations. The
observed flavor ratio of νe + ν¯e is thus equal to:
ξobse =
Ne
Ne +Nµ +Nτ
= 0.40± 0.11 (52)
where the uncertainty is, as usual, given by:
∆ξobse =
√(
∆Ne
Ne
)2
+
(
∆Ntot
Ntot
)2
(53)
The three histograms represent the predictions due to
oscillations, while the gray vertical band covers the range
given in equation (52).
FIG. 5. Comparison between the theoretical flavor ratio ex-
pected from different mechanisms of production (colored his-
tograms) and the observed one (shaded area).
c. Comparison: The comparison between theoreti-
cal expectations (equation (50)) and the observed flavor
ratio (equation (52)) is shown in figure 5. This indicates
compatibility with the pion decay scenario, that is also
the most plausible mechanism of production from a the-
oretical point of view. The neutron decay scenario is
excluded at about 2σ, but a stronger constraint is given
by the fact that  = 1 (i.e. the neutron decay scenario)
is excluded at least at 3σ (see figure 4). On the other
hand, the damped muon scenario is still compatible with
the expectations within 1.5σ.
Taking simultaneously into account the flavor ratio ξe
and the preference for small , we conclude that, un-
der the hypothesis that no energy cutoff is present below
∼ 7 − 8 PeV, there is an hint for pγ as mechanism of
production. In this scenario high energy neutrinos are
likely to be produced in the decay of pi+ and, in smaller
amount, in the decay of pi−. As a consequence, the flux
of νe is larger than the flux of ν¯e.
B. Observable high energy events of new type
Only the high energy part of the spectrum is relevant
for the computation of double pulse events and Glashow
resonance events: these events are related to the ∝ E−2.1
part of the spectrum. There is thus no difference in
expectations when we use the spectrum suggested by
throughgoing muons, or the broken power-law spectrum
of equation (16), or the two power-law spectrum of equa-
tion (17). Let us proceed to evaluate the expectations
assuming T = 5.7 years of exposure.
a. Double pulse events In section IV B we have seen
that φτ ' φµ, due to neutrino oscillations. We remark
that it is always true for a generic production mechanism,
not only for the pion decay scenario.
This result gives rise to an important theoretical pre-
diction. Combining equations (32) and (29) (or similarly
equations (26) and (29)), we find that the expected num-
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ber of double pulse events after T = 5.7 years of exposure
is:
Rth2P = 0.65± 0.24 (54)
if we assume there is no energy cutoff.
About this expectation, we find it important to remark
that:
1. the IceCube collaboration used a E−2 spectrum for
the calculation of double pulse events [19]; our ex-
pectations are in excellent agreement with [19] and
also with [20];
2. even more importantly, half of the expected double
pulse events are produced by neutrinos with an ini-
tial energy of 2 PeV, i.e. neutrinos which have been
already observed by IceCube. As a consequence,
tau neutrinos must be observed in the future: it is
only a matter of exposure.
The last consideration is very remarkable, because the
observation of tau neutrinos would be the definitive proof
that cosmic neutrinos have been detected.
However, we have to consider that the presence of an
energy cutoff could reduce the possibility to observe a
double pulse event. An energy cutoff at 2 PeV, 5 PeV
and 10 PeV would reduce the previous expectation to
55%, 70% and 85%, respectively.
b. Glashow resonance events Let us use the best fit
value of Ne, reported in equation (48), with the expected
number of resonant events given by equation (40) and as-
suming pion decay as mechanism of production (as sug-
gested by the result of section V A).
The number of events depends upon . Assuming  =
1/2, namely for pp production, this is:
R(pp)G = 2.28± 0.52 (55)
while in the case  = 1/4, that is the idealized case of pγ
production (or minimum value expected) this is:
R(pγ)G = 1.14± 0.26 (56)
These consideration show that, if the baseline model is
correct and, in particular, the spectrum does not have a
cutoff for energies much smaller than 6.32 PeV, Glashow
resonance events should be seen in the future years.
Note that the preference for small values for , visible
from figure 4 and the relevant discussion, derives just
from the non observation of resonant events in the cur-
rent IceCube dataset.
The presence of an energy cutoff much smaller than 6.32
PeV diminishes or inhibits the possibility to separate the
contribution of νe and ν¯e and, as a consequence, to ex-
tract useful information on the parameter . (On the con-
trary, the constraint on Ne can be calculated also when
a cutoff is present, and we have checked that its impact
is negligible with respect to the result obtained in this
paper.)
We mention in passing speculative scenarios for the pro-
duction of the neutrinos, with major deviations from the
previous standard cases: considering the value  = 1 for
the neutron decay and  = 0 for the damped muon sce-
nario with only pi+ at the source, the expected number
of resonant events would become 4.2 and 0, respectively.
C. The angular distribution of the flux
The diffuse flux of high energy neutrinos detected by
IceCube is compatible with the isotropy. On the con-
trary, if we assume isotropy also for the low energy part,
there is tension between the HESE analysis [5] and the
throughgoing muon analysis [4], as remarked in [12] (even
if, strictly speaking, a direct comparison is not possible,
since the energy threshold of HESE is 30 TeV [5] whereas
the throughgoing muons analysis, at low energy, concerns
neutrinos with energy of few TeV or less [4]). Let us recall
the argument.
The analysis of the throughgoing muons at TeV en-
ergy has been performed to identify prompt neutrinos,
that are expected to follow an E−2.7 spectrum and to be
isotropically distributed. An astrophysical isotropic com-
ponent with an E−2.9 spectrum (as suggested by HESE)
or a two power-law flux E−3.5 + E−2.08 (as suggested
by our model) would produce a larger excess at low en-
ergy than the one expected from prompt neutrinos [12].
On the contrary, the throughgoing muon analysis did not
observe any significant excess over the conventional back-
ground at low energy and an upper limit on the prompt
neutrino flux has been placed. In view of neutrino oscil-
lations, the same bound apply to tau neutrinos and sim-
ilar bounds apply to electron neutrinos. This remarks is
worth of consideration and can be regarded as an issue.
It could be due to:
• the presence of an additional component of high
energy neutrinos, observed mostly or only from
the Southern hemisphere, as already suggested in
[6, 12]. The multi-component model proposed
in [12], that predicts a Galactic contribution be-
tween 10% and 20%, is still compatible with the
most recent experimental constraints concerning
the Galactic flux, provided by ANTARES [27] and
IceCube [28]. However, a Galactic flux E−α, with
α ∈ [2.4, 2.7] is no more sufficient to explain alone
the very steep spectrum suggested by the last
HESE dataset [5] that behave as E−2.9;
• the different backgrounds contributing to the
dataset. In fact, only prompt neutrinos (discussed
in subsection III B) are relevant for the throughgo-
ing muon analysis above 200 TeV whereas conven-
tional neutrinos, prompt neutrinos and penetrating
muons (see section III), are relevant for the HESE
analysis, and some of them are prominent in the
Southern hemisphere;
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• a larger contamination of conventional atmospheric
background than expected, that could be related to
an efficiency of the IceCube veto smaller than ex-
pected. This is a kind of speculative scenario that
would be in agreement with the E−3.5 component
of our two power-law model, since the conventional
atmospheric background (both muons and neutri-
nos) follows an E−3.7 spectrum;
• another change of slope between 1 TeV and 30 TeV,
although it is quite hard to imagine a physical mo-
tivation that could produce this effect.
VI. SUMMARY AND CONCLUSIONS
The findings of IceCube indicate the importance to go
beyond a description of the new events based on the sin-
gle power-law model, that has been used in the past to an-
alyze the flavor composition [2, 29–33]. The first analysis
of the neutrino spectrum using two components has been
performed in [34] but it uses only HESE. In the analysis
proposed here, we combine theoretical models (mecha-
nisms of production, neutrino oscillations) with experi-
mental informations regarding the shape of the spectrum
in different energy regions, the absence of double pulses,
the absence of resonant events and the observed number
of showers in HESE dataset.
Furthermore, we have evaluated the natural parame-
ters of cosmic neutrino oscillations [2], using the most
recent oscillation results [3] and used these results in the
analysis.
We have estimated the flux of each neutrino flavor,
based on theoretical and experimental constraints, as-
suming:
• neutrino oscillations and considering the most gen-
eral mechanism of production;
• a two power-law spectrum, that is in agreement
with throughgoing muons at high energy and with
the shape suggested by HESE at low energy;
• the number of shower-like events observed in HESE
dataset;
• the absence of double pulses and resonant events in
current IceCube dataset.
We found that such neutrino spectrum is in good agree-
ment with all IceCube measurements. Moreover we have
estimated the normalizations, flavor by flavor.
Let us remark that the three-flavor neutrino oscillation
paradigm strongly constrains the flux of tau neutrinos,
that must be very similar to the flux of muon neutrinos
for every plausible mechanism of production. From this
constraint an important prediction follows; the expected
number of double pulse events is about 0.7 after 6 years
of exposure. Therefore, tau neutrinos must be observed
with the increase of exposure.
We obtained a preference for the pion decay as mech-
anism of production of high energy neutrinos. In addi-
tion, we notice a preference for small values for the ratio
φνe/φe, which could be an indication towards pγ as a
mechanism of production, if the neutrino spectra have
no energy cutoff below the Glashow resonance energy.
For what concerns the other mechanisms of production:
- the neutron decay scenario is excluded at 2σ by the
flavor composition and at 3σ by the lack of resonant
events;
- the damped muon scenario, on the contrary, is still
marginally compatible with the data.
We found that, with 6 years of exposure, 2.4 resonant
events are expected in the pp scenario of neutrino produc-
tion; in the case of the pγ scenario the expected number
of events can reach, with the same exposure, a minimum
value of 1.2. Let us remark that in realistic pγ interac-
tion also pi− are produced, therefore the true prediction
for the rate resonant events is between 0.2 and 0.4 per
year.
Finally, we have remarked that it is not easy to recon-
cile the absence of new track events from the Northern
sky at ∼ TeV with the presence of HESE showers above
30 TeV, without invoking a non-trivial dependence of the
low energy spectrum upon the angle–i.e., some major de-
viation from the hypothesis of isotropy. With the present
data it is not possible to solve this issue. The contribu-
tion of the neutrino telescopes, placed in the Northern
hemisphere, is fundamental to clarify the situation. Par-
ticularly, the incoming KM3NeT has a crucial role, since
it is comparable to IceCube in terms of dimension and it
is complementary in terms of position. In fact, KM3NeT
will observe the Southern hemisphere using throughgo-
ing muons and the Northern hemisphere using contained
events.
We would like to conclude stressing that the kind of
analysis proposed in this paper, easy and fast to imple-
ment, is also very promising for the future.
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